The demand for higher-order (> 2) ZA modulators is increasing due to their improved performance relative to the Legend: ) Multi-Bit > Single-Bit first-and second-order structures [1] . However, their stability problem is a major obstacle towards an efficient utilization in Fig. 1 . Structure of the single-bit third-order Z\ modulator. DSP applications. Despite the huge work that has already been done, the stability issue is still far from complete. In this paper we attempt to set out a comprehensive stability analysis of a where u0, ul, and u2 are the initial conditions of the integrator third-order EA topology which has been utilized recently in output (the quantizer input), with yo, Yl, and Y2 being the several works (e.g., [2] [3] 
The stability topic is then handled by adopting two different approaches.
We consider here an asymptotic solution of the EA dynam-II. ANALYSIS OF A THIRD-ORDER ZA TOPOLOGY ical system. If we divide eq.(3) by d(k) and then take the limit as k -± oc, we get: Fig.(l) illustrates a topology for third-order ZA modulator that was utilized in several works (e.g., [2] 
to be a dc input and u(k) to be the integrator output (which is g ' k(k -1)(k -2) the quantizer input). The quantizer output, y(k), is given by: where a(n) =( 2n.+l1)(n.+l1)sgn(lk_n). The function f(n.)
can be given as (n + 2/a)~~~~~~~~~~~~u (n) knowing that the signum function sgn(Uk-n) e { 1, -1}. Now, Fig. 2 . Phase-plane portrait of the ternary structure for x 1/20.
since the limit of the right-hand side of the inequality (11) is The initial conditions are: u. 1/4, ui 1/4, andU2 2/5, with zero as k -> oc, then the left-hand side will go to zero more a = 0.1 (the diagonal straight line represents y = x).
rapidly (it is a transient term that decides the rate at which the system converges to the steady-state). Accordingly, for stable operation, the sequence g(k, a)/d(k) in eq. (10) converges to x where m is an integer that denotes the system order, and the as k -> oc, and in fact it is the average output if the equation c's are the coefficients of the signum terms that appear in the is divided by a, i.e., average
re-arrange this equation as follows:
In general, an orbit 0(u0) of a dynamical system F: R72 The non-linear dynamics of the EA operation can be limit cycles. Hence, the average output over any limit cycle modelled using the dynamics of the standard map, and more can be given as:
specifically, the dynamics of the circle map. Here, we intro-I g duce the exact circle map that corresponds to the modified a L 7 E sgn(ui). p [F(u*)] < 1 is both necessary and sufficient [7] . i=~~~~N ow, back to eq.(16), which models the dynamics of < llA ± + MB i=lO All`(20) structure shown in Fig.(2) . For convenience, we transform = lA lk+l±Xo0 + MB I Ak+ (21) eq.(16), which is a third-order equation, into a system of three 1-llAll first-order equations in the following form:
Let Wk = Uk, Yk = Uk+1, Zk = Uk+2. Therefore, eq. (16) That means the trajectory will converge within the boundaries can be re-written in a matrix form as follows: constrained by eq. (22) Zk (27) eigenvalues are located with the unit circle), then llAll < 1.
Zk+1
F(Zk) Since K1, K2, K3 are constant, they can easily be chosen to make lAl < 1. One way to achieve this result is through F(zk) =K1zk -(2 + al)sin{tan-1(zk)} -K2yk + (d2 + the application of Routh-Hurwitz stability criteria. This in 2d3) sin{tan-1(yk)} +K3wk -(d2d3) sin{tan-1(wk)} + .
fact means that we can stabilize the system by adjusting the To define a region of stability for the ZA\ topology, we location of the system's poles, i.e., confining them within the consider eq.(27). If F(zk) and F'(zk) are assumed to be unit circle. I3(1-h3-h2-hi) + &2(3 -h3 + h2+ 3hi) +&b(3 + h3 + h2-3hi) + (1 + h3-h2 + hi) = 0 (31)
IV. SIMULATIONS
It is now possible to apply Routh-Hurwitz stability criteria, By utilizing the stability analysis in Section III, the stable which allows to check for stability without computing roots of input dynamic range for the third-order EA modulator shown characteristic equation and can be used to determine the range in Fig.(l) with d, = d2= d3 = 1 can be given by: of parameters that guarantees stability. We start by building Routh-Hurwitz array as follows:
Column-I Column-2 i.e.,
A 1-h3-h2-hi C 3+ h3+h2-3h <a ( 
The behavior of a third-order EA structure was analyzed where K3 = (d1 + d2 + d3), K2 = (d1d2 + d1d3 + d2d3), under dc input. The stability problem is handled using an and K1 = (dld2d3). This equation imposes a condition on the analogy with the sinusoidal digital PLL system. An approxiinput dynamic range x in terms the gain parameters (a, dl, mate fixed point analysis is presented and stability criteria are d2, d3) such that system stability can be preserved. derived. Simulation results were in accord with the theoretical Moreover, it is worth noting that, eq.(33) can be generalized expectations. 
